1. Introduction {#s1}
===============

The purpose of the model we develop here is to compute the dynamics of fluid motion and osmolarity of the tear film on an eye-shaped domain. Osmolarity is the concentration of ions in solution. Given an 1M concentration of NaCl solution, each molecule of salt dissociates into two ions, and the osmolarity is then 2 M. (Here M denotes molar concentration, which is moles per litre of solvent.) For a brief introduction to the mathematical models for the osmolarity and tear film dynamics, see the review by [@C8] or the paper by [@C92].

The osmolarity is an important variable to include in tear film modelling because it is thought to be critical in the onset and subsequent development of dry eye syndrome (DES). A properly functioning tear film maintains a critical balance between tear secretion and loss within each blink cycle. Malfunction or deficiency of the tear film causes a collection of problems that are believed to comprise DES ([@C51]). DES symptoms include, but are not limited to, blurred vision, burning, foreign body sensation, tearing and inflammation of the ocular surface. Studies up to 2007 estimate that there are 4.91 million Americans suffering from DES ([@C4]). The ocular surface community is interested in understanding the function of the tear film ([@C36]) as well as the interaction of tear film dynamics and the connection between tear film volume, evaporation and break-up with DES ([@C4]).

We summarize a discussion of the role of osmolarity on the ocular surface from [@C5] here. According to [@C82], in healthy blood the osmolarity is in the range 285--295 Osm/m$\documentclass[12pt]{minimal}
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}{}$^3$\end{document}$ (also expressed in mOsm/L or mOsM). In the healthy tear film, there is homoeostasis with the blood in the range 296--302 Osm/m$\documentclass[12pt]{minimal}
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}{}$^3$\end{document}$ (Tomlinson *et al.*, [@C85]; Versura *et al.*, [@C86]; Lemp *et al.*, [@C52]). In DES, the lacrimal system is unable to maintain this homoeostasis and osmolarity values in the meniscus rise to 316--360 Osm/m$\documentclass[12pt]{minimal}
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}{}$^3$\end{document}$ (Gilbard *et al.*, [@C27]; Tomlinson *et al.*, [@C85]; Sullivan *et al.*, [@C80]), and may rise to even higher values over the cornea. Using *in vivo* experiment and sensory feedback, [@C56] estimated peak values of 800--900 Osm/m$\documentclass[12pt]{minimal}
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}{}$^3$\end{document}$. Similar or higher values were computed from mathematical models of tear film break-up in [@C47] and [@C73]. We use a mathematical model to compute osmolarity over the entire exposed ocular surface subject to the assumptions stated in the Formulation section.

The method of tear sample collection and measurement is important. To our knowledge, osmolarity measurements in humans have been from samples in the inferior meniscus or the lower fornix. The lower fornix has a lower osmolarity than the meniscus ([@C65]), and samples from the meniscus are most commonly used today. [@C27] summarized the use of prior measurement techniques that used pipettes or capillary tubes to collect tear samples. Older methods may have used pipettes that took too large a sample compared with the tear film total volume, and could induce reflex tearing. In the exquisitely sensitive eye, this is a significant concern that could dilute or otherwise change the chemistry of the tear sample. Some capillary techniques are difficult to use, and the method of [@C27] appeared to be easier to use; we note that the paper does not indicate where in the inferior meniscus the measurement was taken. Subsequent to sample collection, older techniques relied on freezing point depression to determine the osmolarity of the sample to about 1% error. More recently, a calibrated resistance measurement using the TearLab device allows rapid determination of osmolarity with an error for in vitro samples of about 1--2% error (Lemp *et al.*, [@C52]; TearLab, [@C81]). In the approach, a sensor touches the meniscus at the temporal canthus, and the result is returned in less than a minute after the sample is taken. The latter approach is much more convenient for clinical use.

The level of effectiveness of osmolarity measurement to diagnose dry eye and to measure progression of the disease is still a matter of debate; for recent viewpoints, see for example [@C52], Amparo *et al.* ([@C3], [@C2]), [@C74] and [@C79]. We found the summary by [@C5] in their Sections 3 and 4 to be informative. We do not aim to settle the debate here, but to supply context for the measurements in the form of a quantitative prediction of the osmolarity over the entire exposed ocular surface to aid interpretation.

We now turn to previous work on the properties and dynamics of the tear film, relying heavily on the introduction from [@C55]. Commonly, the tear film is described as a thin liquid film with multiple layers. At the anterior interface with air is an oily lipid layer that decreases the surface tension and retards evaporation, both of which help to retain a smooth well-functioning tear film ([@C72]). The aqueous layer is posterior to the lipid layer and consists mostly of water ([@C34]). At the ocular surface, there is a region with transmembrane mucins protruding from the cells in the corneal or conjunctival epithelia. This forest of glycosylated mucins, called the glycocalyx, has been referred to as the mucus layer in the past. It is generally agreed that the presence of the hydrophilic glycocalyx on the ocular surface prevents the tear film from dewetting ([@C15]; [@C28]; [@C30]). The overall thickness of the tear film is a few microns ([@C41]), while the average thickness of the lipid layer is on the order of 50--100 nm (Norn, [@C72]; King-Smith *et al.*, [@C44]) and the thickness of the glycocalyx is a few tenths of a micron ([@C30]). This structure is rapidly reformed, on the order of one second, after each blink in a properly functioning tear film.

The aqueous part of tear fluid is supplied from the lacrimal gland near the temporal canthus and the excess is drained through the puncta near the nasal canthus. [@C64] estimated the total tear volume and the rate of influx from the lacrimal gland, as well as the time for the entire volume of tear fluid to be replaced (tear turnover rate); [@C91] reviewed experiments on tear drainage and developed a mathematical model for drainage rates of the aqueous component through the puncta. [@C25] proposed the mechanism of tear drainage *in vivo* whereby tear fluid is drained into the canaliculi through the puncta during the opening interblink phase. The drainage stops when the pressure equalizes in the canaliculi. Water lost from the tear film due to evaporation into air is an important process as well (Mishima & Maurice, [@C66]; Tomlinson *et al.*, [@C84]; Kimball *et al.*, [@C40]). This is the primary mechanism by which the osmolarity is increased in the tear film.

The supply and drainage of tear fluid affects the distribution and flow of the tear film. A number of methods have been used to visualize and/or measure tear film thickness and flow, including interferometry (Doane, [@C24]; King-Smith *et al.*, [@C41]; King-Smith *et al.*, [@C42]), optical coherence tomography ([@C87]), fluorescence imaging (Harrison *et al.*, [@C31]; King-Smith *et al.*, [@C46]) and many others. We mention only a small number here that are relevant for our discussion of tear fluid flow over the exposed ocular surface. [@C61] inserted lampblack into the tear film and watched the particle trajectories with a slit lamp. He observed that the particle paths in the upper meniscus near the temporal canthus diverge, with some particles proceeding towards the nasal canthus via the upper meniscus and others going around the outer canthus before proceeding towards the nasal canthus via the lower meniscus. (To our knowledge, no images from this experiment exist.) We use the term 'hydraulic connectivity' as shorthand for this splitting of flow connecting the menisci. A similar pattern of the tear film was observed by [@C31] using fluorescein to visualize the tear film thickness. In this experiment, concentrated sodium fluorescein is instilled in the eye. Shining blue light on the eye causes the fluorescein to glow green; the fluorescence allows one to visualize the tear film ([@C48]). The concentration is such that if evaporation occurs, the concentration of fluorescein increases and the intensity of the fluorescence decreases; if fresh tear fluid enters the tear film, the concentration decreases and fluorescent intensity increases (Webber & Jones, [@C88]; Nichols *et al.*, [@C70]; Braun *et al.*, [@C10]). [@C31] visualized the entry of fresh tear fluid into the meniscus near the outer canthus, where the tear film was observed to brighten. Subsequently, this bright region split and fluid moved towards the nasal canthus along both the upper and lower lids via the menisci. The fluorescence could thus visualize hydraulic connectivity in the flow of tears. Similar experiments in [@C46] and [@C55] visualized flow by using fluorescein instilled by drops in the tear film, and the mathematical model developed by [@C55] exhibited hydraulic connectivity in a very similar way to the experimental results shown in that paper.

The tear film is also redistributed near the eyelid margins by surface tension. The curvature generated by the meniscus creates a low pressure which draws in fluid from surrounding areas, creating locally thin regions near the meniscus. When fluorescein is used to visualize tear film thickness, this locally thin region near the lids is dark, and had been called the 'black line'. The black line is typically thought to be a barrier between the meniscus at the lid margins and the rest of the tear film (McDonald & Brubaker, [@C62]; Miller *et al.*, [@C63]). Finally, though the healthy ocular surface is wettable, the tear film may still rupture; the term break-up is used in the ocular science community for this phenomenon. The surface tension of the tear/air interface, the wettability of the ocular surface and the osmolarity are among the effects that we include in this study.

A variety of mathematical models have incorporated various important effects of tear film dynamics as recently reviewed by [@C8]. The most common assumptions for these models are a Newtonian tear fluid and a flat cornea (Berger & Corrsin, [@C7]; Braun *et al.*, [@C13]). Tear film models are often formulated on a 1D domain oriented vertically through the centre of the cornea with stationary ends corresponding to the eyelid margins. We refer to models on this kind of domain as 1D models. Surface tension, viscosity, gravity and evaporation are often incorporated into 1D models (Wong *et al.*, [@C90]; Sharma *et al.*, [@C77]; Miller *et al.*, [@C63]; Braun & Fitt, [@C9]). [@C89] improved previous evaporation models by including a conjoining pressure from van der Waals forces that approximated the wettable corneal surface. Incorporating heat transfer from the underlying eye, [@C54] resolved a discrepancy of the tear film surface temperature between predictions of existing evaporation models and *in vivo* measurements.

Recently, studies of 1D models that bring together the interblink period and a moving end that represents the upper lid have appeared. Jones *et al.* ([@C38], [@C37]) developed models for tear film formation and relaxation that were unified in this way; one end of the domain moved to model the upper lid motion during the opening phase of the blink, and then remained stationary for the subsequent relaxation during the interblink. The tear film was treated as a shear-thinning fluid without elasticity in an otherwise similar model by [@C39] to try to tailor the viscosity of eye drops to obtain the most uniform tear film. [@C11] modelled eyelid motion for blink cycles by moving one end of the domain sinusoidally and they computed solutions for multiple complete blink cycles. [@C33] followed their study with a more realistic lid motion and specified a flux boundary condition. Good agreement on tear film thickness between experiments and simulations was found by [@C33]. Deng *et al.* ([@C23], [@C22]) extended the model of [@C54] to include upper lid motion (blink) and heat transfer from the underlying eye to explain observed ocular surface temperature measurements and to give new transient temperature results inside the eye. [@C17] studied a model that added a dynamic lipid layer to an underlying aqueous layer with an insoluble surfactant at the lipid/aqueous interface (representing polar lipids). They computed dynamic results for the model and found various useful limits for it.

[@C8] gave a model for a spatially uniform film with no space dependence that was very similar to the one first suggested by [@C45]. The original model was a single ordinary differential equation for the tear film thickness that included evaporation from the tear/air interface at a constant rate and osmotic flow from the tear/cornea interface that was proportional to the osmolarity increase above the isotonic value. The latter assumption simplifies the tear/cornea interface to a semi-permeable boundary that allows water but not solutes to pass. They found that the model predicted equilibration of the tear film thickness at values greater than the height of the glycocalyx for sufficiently large permeability of the tear/cornea interface. They also found that the osmolarity could become quite large as the tear film thinned for small permeability values, as much as 10 times the isotonic value under some conditions. The model given in [@C8] included van der Waals forces that stopped thinning at the purported height of the glycocalyx which allowed the model to be used at zero permeability at the tear/cornea interface. Similar conclusions about the osmolarity during thinning were found there.

These models were extended to include a specified evaporation profile that varied in space by [@C47]. The evaporation profile was Gaussian with a peak value that could be specified larger than the surrounding constant rate. The local thinning caused by locally increased evaporation led to increased osmolarity in the break-up region, which could be several times larger than the isotonic value. A modified evaporation distribution was created by [@C73] that had two parts. One part used an immobile lipid layer with specified thickness and fixed resistance to diffusion through it by water. The other part was a resistance to transport in the air outside the tear film; this second resistance included convective and diffusive transport in the air. They also found that the osmolarity was elevated in this model for break-up.

[@C92] developed a model describing the spatial distribution of tear film osmolarity that incorporates both fluid and solute (osmolarity) dynamics, evaporation, blinking and vertical saccadic eyelid motion. They found that both osmolarity was increased in the black line region and that measurements of the solute concentrations within the lower meniscus need not reflect those elsewhere in the tear film. This model gave results over a line oriented vertically through the centre of the cornea, and thus gave information about the osmolarity over more of the ocular surface than the models mentioned above.

In this paper, we study dynamics of the fluid motion and osmolarity on an eye-shaped domain. To our knowledge, Maki *et al.* ([@C58], [@C59]) were the first to extend models of fluid dynamics in the tear film to a geometry that approximated the exposed ocular surface. They formulated a relaxation model on a stationary 2D eye-shaped domain that was approximated from a digital photo of an eye. They specified tear film thickness and pressure boundary conditions ([@C58]) or flux boundary conditions ([@C59]). Their simulations recovered features seen in 1D models such as formation of the black line, and captured some experimental observations of the tear film dynamics around the lid margins. [@C59] simplified the *in vivo* mechanisms and imposed a flux boundary condition having only spatial dependence (specifying the location of the lacrimal gland and the puncta holes) in their tear film relaxation model. Under some conditions, they were able to recover hydraulic connectivity as seen experimentally and described above. [@C55] improved the model, added evaporation and a wettable ocular surface, as well as a time-dependent boundary condition that approximated the in- and out-flow of the aqueous layer of the tear film.

In this paper, we formulate a tear film dynamics model on a 2D eye-shaped domain that, adding to the previous models, incorporates osmolarity transport and osmosis from the tear/eye interface. To our knowledge, this is the first such model that includes the osmolarity in a 2D tear film model and that provides a global osmolarity distribution over the entire exposed eye. The permeability of the ocular surface is treated as either constant over the whole surface, or as a space-dependent function with lower permeability over the cornea and higher permeability over the conjunctiva. In the model, the tear film loses water via evaporation to the air, gains water from the ocular surface, and, via the flux boundary condition, has water supplied from the lacrimal gland and removed from the puncta. The model adds significant new results about the distribution of osmolarity over the exposed ocular surface. We believe that these results will impact the understanding of osmolarity dynamics in the tear film as well as the measurement of this important quantity.

We begin by formulating the model in Section 2. A brief description of the numerical methods used for the simulation is discussed in Section 3, followed by detailed results of simulations and comparison with experiments in Section 4. Conclusions and further directions are pointed out in Section 5.

2. Formulation {#s2}
==============

In this section, we present a mathematical model that incorporates osmolarity and fluid dynamics into a tear film model on a 2D eye-shaped domain as shown in Fig. [1](#F1){ref-type="fig"}. In Fig. [1](#F1){ref-type="fig"}, $\documentclass[12pt]{minimal}
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The boundary curves of the eye-shaped domain are approximated from a digital photo by four polynomials. Two are parabolas in $\documentclass[12pt]{minimal}
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We assume that the tear fluid is incompressible and Newtonian with constant density $\documentclass[12pt]{minimal}
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}{}$k$\end{document}$. The tear fluid supplied from the lacrimal gland is more complex than water with salt-ions, containing proteins and other organic molecules (Dartt *et al.*, [@C21]; Dartt, [@C20]). Because these large molecules are present in the tear film, whole tears have been found to be shear thinning ([@C83]), though not strongly so. Similar levels of shear thinning were incorporated by [@C39] and though some details change, the qualitative features of the flow and thickness distribution are, for our purposes here, similar to the Newtonian case. More recently, meibum (secreted from the glands in the eyelids) has been found to introduce elasticity into the tear film when temperature is below 32$\documentclass[12pt]{minimal}
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}{}$^\circ$\end{document}$C ([@C49]). Note that viscoelastic surfactants can affect film stability in a model system ([@C76]). However, it is not yet clear how these measurements affect overall tear film properties at typical *in vivo* operating temperatures that are often near 35$\documentclass[12pt]{minimal}
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}{}$^\circ$\end{document}$C ([@C26]). Because our current knowledge indicates that the shear thinning of the tear film is not strong ([@C83]) and because viscoelastic surface effects appear to be small at *in vivo* temperatures ([@C50]), we make the simplifying assumption of constant properties.

We also assume the ocular surface is flat due to the fact that the characteristic thickness of the human tear film is much less than the radius of curvature of the ocular globe (Berger & Corrsin, [@C7]; Braun *et al.*, [@C13]). The governing equations for the tear film thickness $\documentclass[12pt]{minimal}
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}{}$z'=0$\end{document}$ into the tear film driven by the osmolarity difference between the tear film and the cornea ([@C53]). In the model, water is lost to the air, treated as a passive gas outside the tear film ($\documentclass[12pt]{minimal}
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After non-dimensionalization and simplification using lubrication theory (e.g. Jensen & Grotberg, [@C35]; Braun, [@C8]), we arrive at a system of partial differential equations (PDEs) for the dimensionless variables $\documentclass[12pt]{minimal}
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2.1. Parameter descriptions {#s2a}
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Evaporation makes major contributions to tear film thinning between blinks ([@C40] and references therein) and increases the osmolarity of tears, which in turn induces an osmotic flow through the ocular surface that compensates for much of the evaporative water loss. [@C71] have found that the mean rate of thinning of the pre-cornea tear film is $\documentclass[12pt]{minimal}
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2.2. Permeability of the ocular surface {#s2b}
---------------------------------------

The ocular surface is believed to be permeable, and the induced osmotic flow helps to arrest tear film thinning and hence ameliorate osmolarity elevation ([@C8]). In addition, the water permeability over the ocular surface is not a constant; the conjunctiva is normally more permeable than the cornea ([@C19]). King-Smith and coworkers proposed values for the water permeability of the ocular surface, that is, 12.0$\documentclass[12pt]{minimal}
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2.3. Boundary conditions {#s2c}
------------------------

Along the boundary of the eye-shaped domain (denoted as $\documentclass[12pt]{minimal}
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2.4. Initial condition {#s2d}
----------------------
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3. Numerical methods {#s3}
====================

For numerical purposes, we rewrite the model equations by introducing the pressure $\documentclass[12pt]{minimal}
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}{}$p$\end{document}$. The initial conditions must be applied as well, using smoothed versions of ([2.8](#M8){ref-type="disp-formula"}) and ([3.2](#M11){ref-type="disp-formula"}), as well as ([2.9](#M9){ref-type="disp-formula"}).

We solve the Equations ([3.1](#M10){ref-type="disp-formula"}--[3.3](#M12){ref-type="disp-formula"}) on the eye-shaped geometry (Fig. [1](#F1){ref-type="fig"}) using the Overture computational framework (<http://www.overtureframework.org>, Last accessed 24 March 2015. Primary developer and contact: W. D. Henshaw, <henshw@rpi.edu>), which is a collection of C$\documentclass[12pt]{minimal}
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}{}$+ + $\end{document}$ libraries for solving PDEs on complex domains (Chesshire & Henshaw, [@C18]; Henshaw, [@C32]).

3.1. Computational grid {#s3a}
-----------------------

The tear film is relatively thin and flat in most of the interior of the exposed ocular surface; the thickness increases rapidly near the eyelids forming relatively steep menisci around the boundary of corresponding computational domain. In order to solve the tear film model efficiently, we use five component grids, whose union is the computational grid. The component grids are one Cartesian background grid that has grid lines aligned with the coordinate axes, and four boundary-fitted grids near the boundary. The solution values are interpolated between grids where they overlap. We generated a new computational grid using the grid generation capabilities of the Overture computational framework. We extend the boundary-fitting grids from the boundary using transfinite interpolation, which is a generalized shearing transformation that maps the unit square onto the region bounded by four curves (Chesshire & Henshaw, [@C18]; Henshaw, [@C32]). Unlike grids based on extending normals from the boundary, we can extend the boundary-fitting grids as much as we want without worrying about intersecting normal lines. This provides us with the boundary-fitting grids that are wide enough to cover the menisci of the tear film. In addition, we double the grid spacing for the background Cartesian grid to reduce the number of grid points compared with previous work (Maki *et al.*, [@C58], [@C59]; Li *et al.*, [@C55]). The new grid, plotted in Fig. [5](#F5){ref-type="fig"}, reduces the total number of grid points by about 14% while achieving better overall accuracy for test problems (the new grid has a total number of 235,018 grid points). Unless otherwise noted, all the simulation results presented in this paper are computed using the computational grid in Fig. [5](#F5){ref-type="fig"}. Fig. 5.Computational grid on the eye-shaped domain.

3.2. A hybrid time-stepping scheme {#s3b}
----------------------------------

To solve the Equations ([3.1](#M10){ref-type="disp-formula"}--[3.3](#M12){ref-type="disp-formula"}), we first discretize the spatial derivatives using the second-order accurate finite difference method for curvilinear and Cartesian grids from Overture. Since the model Equations ([3.1](#M10){ref-type="disp-formula"}--[3.3](#M12){ref-type="disp-formula"}) are weakly coupled by osmosis (terms involving $\documentclass[12pt]{minimal}
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}{}$p$\end{document}$ Equations ([3.1](#M10){ref-type="disp-formula"}) and ([3.2](#M11){ref-type="disp-formula"}) and solve them using the variable step size backward differentiation formula (BDF) method with fixed leading coefficient based on [@C14] and Maki *et al.* ([@C58], [@C59]). The resulting non-linear system of the BDF method is solved using Newton\'s iteration method. Solutions on different component grids are coupled by interpolation. The RKC method is suitable for this problem because it has an extended stability region with a stability bound that is quadratic in the number of stages, and the explicit method is fast and easy to implement. We exploit the non-linear power method for an estimation of the largest eigenvalue of the spatially discretized system from ([3.3](#M12){ref-type="disp-formula"}) for $\documentclass[12pt]{minimal}
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4. Results {#s4}
==========

In this section, we present computed results for the tear film thickness $\documentclass[12pt]{minimal}
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4.1. Constant non-zero permeability {#s4a}
-----------------------------------

We begin by presenting results for the model with the same constant water permeability over the whole ocular surface; we use the corneal permeability corresponding to $\documentclass[12pt]{minimal}
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}{}$P_c = 0.013$\end{document}$ measured by [@C47] and [@C16]. Figure [6](#F6){ref-type="fig"} shows the contours of the simulation results. The left column represents the tear film thickness, and the right column represents the osmolarity. We see the dark band (blue online) set inside of the boundary, representing the so-called black line, emerges rapidly near to and inside of the menisci in the left column. The black line develops due to capillary action resulting from the positive curvature of the menisci generating a low pressure that sucks fluid into the meniscus. A local minimum thus forms near the meniscus, and is referred to as the black line. In addition, the canthi Fig. 6.Contours of tear film thickness (left column) and osmolarity (right column) with constant permeability of $\documentclass[12pt]{minimal}
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in the 2D eye-shaped domain induce a second direction of curvature, creating an even lower pressure that attracts fluid towards themselves. Therefore, the tear film near the two canthi is often thinner than other parts of the black line. In this case, the global minimum is located near the nasal canthus, which is sharper (more curved) than the temporal canthus. The formation of the global minimum is also promoted by the efflux of fluid near the nasal canthus due to the boundary conditions that mimic punctal drainage from this region. This also shows that both the thickness and osmolarity vary significantly away from the vertical line through the centre of the cornea. Note 1D models formulated along this line do not account for this variation. The redistribution of fluid due to surface tension also causes a small ridge to form on the interior side of the black line. This is seen as a diffuse light band in the left column of Fig. [6](#F6){ref-type="fig"}. This light band is a ridge that has been seen in a number of other studies (Maki *et al.*, [@C58], [@C59]; Li *et al.*, [@C55]). The tear film thickness in the interior decreases steadily throughout the computation because of evaporation; this is visualized by the continual darkening of the interior in the contour plots.

The corresponding osmolarity contours are plotted in the right column of Fig. [6](#F6){ref-type="fig"}. Generally, the osmolarity increases more where the tear film is thinner, such as in the black line and canthi regions. This is in qualitative agreement with the results of [@C92]; we return to a direct comparison with their 1D results for $\documentclass[12pt]{minimal}
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}{}$P_c=0$\end{document}$ in the next section. The global maximum of osmolarity is in the nasal canthus that corresponds to the location of thinnest tear film. In the osmolarity plots, we observe a bright band indicating that a region of elevated osmolarity is forming near the developing black line. Osmolarity in the interior continues to increase as a result of evaporation, and the interior of the eye-shaped domain becomes brighter in the plots. In the region where the tear film forms a small ridge, a corresponding darker band is also present on the interior side of the brighter band in the osmolarity plots.
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4.2. Zero permeability {#s4b}
----------------------

Now, we consider our model on an impermeable ocular surface, i.e. $\documentclass[12pt]{minimal}
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The effect of osmosis can be readily seen by comparing the extreme values of different permeability cases. The extreme values of both $\documentclass[12pt]{minimal}
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[@C92] studied a system that included both tear film and osmolarity dynamics on a 1D domain with a moving end that mimicked blinks; their model assumes that the ocular surface is impermeable. To compare with their model, we set $\documentclass[12pt]{minimal}
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}{}$x = 0$\end{document}$; the results are in Fig. [9](#F9){ref-type="fig"}. The cross-sectional curves of our results on the 2D eye-shaped domain are comparable to the 1D results of [@C92] during the interblink phase for both the tear film thickness (Fig. [9](#F9){ref-type="fig"}a) and the osmolarity distribution (Fig. [9](#F9){ref-type="fig"}b), except that the development of the black line is slower and the maximum osmolarity is higher in our results. The slower development of the black line in our results is due to the stationary domain, because the formation of the black line begins during the opening phase according to previous results on 1D blinking domains ([@C38]; Braun & King-Smith, [@C11]; Heryudono *et al.*, [@C33]; Maki *et al.*, [@C57]; Zubkov *et al.*, [@C92]). Nevertheless, the behaviour of the tear film thickness in our model is in line with many previous results of 1D models with stationary ends (Braun & Fitt, [@C9]; Winter *et al.*, [@C89]; Li & Braun, [@C54]). The difference between the values of osmolarity stemmed from the different assumptions of the thinning rate and our longer time for computing the solution. The thinning rate in the model of [@C92] is assumed to be 0.24$\documentclass[12pt]{minimal}
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4.3. Variable permeability {#s4c}
--------------------------

In this section, we present simulated results by specifying the variable permeability $\documentclass[12pt]{minimal}
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}{}$P_c(x,y)$\end{document}$ as defined in Equation ([2.3](#M3){ref-type="disp-formula"}). Figure [10](#F10){ref-type="fig"} shows time sequences of the contours for both tear film thickness (left column) and osmolarity distribution (right column). Most of the dynamics of tear film thickness are similar to previous cases, such as the development of the black line and the continuously thinning in the interior as a result of evaporation. However, due to the variable permeability of the ocular surface, we observe different patterns of tear film thickness over the conjunctival region and the corneal region in the left column of Fig. [10](#F10){ref-type="fig"}. Since the cornea is less permeable, we see in the thickness plots that the tear film is thinner in the corneal region; it appears as a darker (blue) island in the centre of the eye-shaped domain. Fig. 10.Contours of tear film thickness (left column) and osmolarity (right column) with variable permeability ([2.3](#M3){ref-type="disp-formula"}) and Dirichlet boundary condition ([2.6](#M6){ref-type="disp-formula"}). The thinning rate is 4$\documentclass[12pt]{minimal}
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For the osmolarity distribution shown in the right column of Fig. [10](#F10){ref-type="fig"}, several new patterns are observed beyond the elevated osmolarity in the black line region and the increasing of osmolarity due to evaporation. Because the cornea is less permeable than the conjunctiva, less osmotic flow is expected through the cornea, and this expectation is clearly captured by the model. In the osmolarity contours in Fig. [10](#F10){ref-type="fig"}, we can clearly see a brighter disc in the region of cornea indicating higher osmolarity there. Combining the effect of surface tension and evaporation, the osmolarity is even larger in the black line region over the cornea, and the global maximum of osmolarity is attained there. Comparing with the constant permeability case, both $\documentclass[12pt]{minimal}
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In order to better observe the transition from conjunctiva to cornea, we plot the horizontal cross-sectional plots (through the line $\documentclass[12pt]{minimal}
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### 4.3.1. Diffusion {#s4c1}

Diffusion also plays a role in the osmolarity dynamics. In Figure [12](#F12){ref-type="fig"}, we plot the diffusive term, $\documentclass[12pt]{minimal}
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### 4.3.2. Movement of fluid and solutes {#s4c2}

Figure [13](#F13){ref-type="fig"} shows the quiver plots of the fluid flux $\documentclass[12pt]{minimal}
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[@C55] have studied tear flow over the eye-shaped geometry specifying the same time-dependent flux BC ([2.5](#M5){ref-type="disp-formula"}). They discovered that, after the development of the black line, relatively fast fluid flow occurs in the menisci corresponding to the experimentally observed hydraulic connectivity, while, on the inner side of the black line region, fluid flow is small. The model in this paper couples the fluid dynamics in the tear film with the osmolarity and still captures hydraulic connectivity.

The model Equations ([2.1](#M1){ref-type="disp-formula"}) and ([2.2](#M2){ref-type="disp-formula"}) can be combined into a single PDE ([@C73]): $$\documentclass[12pt]{minimal}
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4.4. Increased evaporation rate {#s4d}
-------------------------------

The average thinning rate for the pre-corneal tear film (PCTF) measured by [@C71] is $\documentclass[12pt]{minimal}
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Figure [15](#F15){ref-type="fig"} shows the contours of both $\documentclass[12pt]{minimal}
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The horizontal cross-sectional plots shown in Fig. [16](#F16){ref-type="fig"} give another view of the tear film thickness and osmolarity, as well as their correlation. Clearly, the tear film becomes much thinner and osmolarity is much more elevated, especially over the corneal region (roughly $\documentclass[12pt]{minimal}
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4.5. Osmotic flux {#s4e}
-----------------

A healthy eye is able to maintain a balance between tear loss and supply in a blink cycle. In our model system, we impose time-dependent tear fluid supply and drainage on the boundary that are balanced over a flux cycle ($\documentclass[12pt]{minimal}
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To evaluate the volumetric flux of evaporation and osmosis, we integrate the PDE ([2.1](#M1){ref-type="disp-formula"}) over the eye-shaped domain $\documentclass[12pt]{minimal}
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4.6. Neumann boundary condition for the osmolarity {#s4f}
--------------------------------------------------

We also consider the homogeneous Neumann boundary condition ([2.7](#M7){ref-type="disp-formula"}) for our system. It specifies no flux for osmolarity on the boundary; that is, solute cannot pass through the boundary. The computed results with this Neumann boundary condition ([2.7](#M7){ref-type="disp-formula"}) is rather similar to previous results using the Dirichlet boundary condition ([2.6](#M6){ref-type="disp-formula"}). This is because there is a large amount of fluid in the menisci and the fluid interaction between the menisci and interior is small due to the presence of the black line separating them. Our numerical simulations using the Neumann boundary condition ([2.7](#M7){ref-type="disp-formula"}) also confirm that there is negligible difference from the results of using the Dirichlet boundary condition ([2.6](#M6){ref-type="disp-formula"}). Therefore, we do not include the results of the Neumann condition in this paper. However, results of the Neumann boundary condition are used to check the conservation of solute mass in our model system as an indication of numerical accuracy.

We now turn to checking conservation of solute over the domain. Integration of Equation ([4.1](#M13){ref-type="disp-formula"}) over the domain $\documentclass[12pt]{minimal}
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Table [4](#TB4){ref-type="table"} lists both the absolute and relative changes of solute mass at various times for the computation with zero fluid flux BC and homogeneous Neumann BC for the osmolarity. The mass is not exactly conserved because numerical errors are introduced at every time step, and they are accumulated slowly with time. From Table [4](#TB4){ref-type="table"}, we see that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Delta M(t)$\end{document}$ increases with time; however, the growth is not exponential, which can be regarded as a numerical evidence that the method is stable. Moreover, the numerical method we use is able to keep $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Delta M(t)$\end{document}$ very small throughout the computation; the relative change of mass is below $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$1{\%}$\end{document}$. Table 4.Conservation of mass with boundary conditions $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$($\end{document}$[4.3](#M15){ref-type="disp-formula"}$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$)$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$($\end{document}$[2.7](#M7){ref-type="disp-formula"}$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$)$\end{document}$.Time$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Delta M(t)$\end{document}$Percentage of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$M(0)$\end{document}$ (%)50.03450.2452100.05420.3756150.06890.4774200.08120.5625300.10120.7015

5. Conclusion {#s5}
=============

The mathematical model in this paper combines tear film flow, evaporation, osmolarity and osmosis on an eye-shaped domain representing the exposed ocular surface. To our knowledge, this is the first such model that includes the osmolarity in a 2D tear film model. The results give information that we believe is not available from human subjects or animal models of the tear film. We believe that these results help give context to osmolarity measurements *in vivo* (e.g. Benelli *et al.*, [@C6]; Lemp *et al.*, [@C52]). The results show that the location and value of the minimum tear film thickness and maximum osmolarity are found to be sensitive to the permeability at the tear/eye interface.

Measurements of tear film osmolarity in human subjects are made from the inferior meniscus, or more commonly, near the temporal canthus. These measurements have been calibrated with respect to DES so that diagnosis of DES is possible with better single-measurement specificity and sensitivity than other single signs or symptoms of DES (Gilbard *et al.*, [@C27]; Lemp *et al.*, [@C52]; Sullivan, [@C79]). When used for those purposes, the meniscal osmolarity measurement accomplishes its aim, but occasionally some investigators will try to infer osmolarity values in other parts of the tear film. But are those meniscus or canthus measurements informative about what is going on in the dynamics of the rest of the tear film? The values in the interior are quite different from those in the meniscus near the temporal canthus according to our model. For low evaporation rates of 1 micron/min or less, our results are similar to those of [@C92], with modest increases of osmolarity away from meniscus and particularly in the black line. For larger evaporation rates and longer interblink times, such as those that may be encountered in clinical experiments, our results indicate higher osmolarities. With variable permeability as suggested by experimental measurement ([@C47]), we find that, for 4$\documentclass[12pt]{minimal}
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}{}$^3$\end{document}$. This is just at the edge of sensory detection according to the results of [@C56], assuming that there is no neuropathy present that would reduce sensory perception at the ocular surface. For 10 and 20$\documentclass[12pt]{minimal}
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}{}$^3$\end{document}$, respectively; these values are quite high compared with what is mentioned for meniscus measurements reported in the literature, and would certainly be felt by subjects with normal neural function ([@C56]). For all of these cases, the maximum occurs in the black line over the cornea. For the current model, there is very little change in the osmolarity in the outer canthus, which would make it difficult to use that location to deduce the different maxima in the osmolarity. The variability in the osmolarity in the meniscus as measured clinically is likely due to mixing of the tear film due to blinking (Lemp *et al.*, [@C52]; Sullivan, [@C79]), which is not included in the present model.

There are some additional limitations to the current study for linking the osmolarity measured *in vivo* with the computed results. (i) As previously mentioned, there is no lid motion to mix the tear fluid as occurs *in vivo*, which contributes to the variability observed *in vivo*. (ii) Once the black line is formed in the computed results, there is little exchange between the tear film in the interior with the meniscus. The supply and drainage of tear fluid occurs in and affects primarily the meniscus, and this tends to hold the meniscal values of the osmolarity close to the isotonic value. (iii) The volume of tear fluid is probably large compared with that of DES subjects, and could affect the values of osmolarity obtained. (iv) The model does not include break-up *per se*, and there have been results that suggest that the osmolarity could be quite high in these localized regions (e.g. Liu *et al.*, [@C56]; Braun *et al.*, [@C12]; King-Smith *et al.*, [@C47]; Braun, [@C8]; Peng *et al.*, [@C73]). These points suggest possible fruitful directions for future research. Additional directions would include a dynamic lipid layer that affects the evaporation rate in a sensible way on the eye-shaped domain; possible models are those of [@C17] and [@C73].
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Note Added in Press {#s7}
===================

During publication of this paper, a reference for the permeabilities appeared: Braun, R. J., King-Smith, P. E., Begley, C. G., Li, Longfei and Gewecke, N. R. (2015) Dynamics and function of the tear film in relation to the blink cycle. *Prog. Ret. Eye Res.* **45**, 132--164.

 {#s8}

We show detailed derivation of the model system ([2.1](#M1){ref-type="disp-formula"}) and ([2.2](#M2){ref-type="disp-formula"}) below. Inside the tear fluid, we model the tear film fluid with the incompressible Navier--Stokes equations and energy conservation equation, and model the osmolarity dynamics with a convection--diffusion equation. Namely, in $\documentclass[12pt]{minimal}
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Finally, we relate the interfacial temperature to the mass flux and pressure jump by the non-equilibrium condition, and we impose a no-flux condition for the osmolarity, $$\documentclass[12pt]{minimal}
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At the cornea--tear film interface, $\documentclass[12pt]{minimal}
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The following scales are used to non-dimensionalize the equations: $$\documentclass[12pt]{minimal}
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We estimate the size of the non-dimensional parameters: $$\documentclass[12pt]{minimal}
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For the tear film, we solve for the velocity and temperature fields, integrate the mass conservation equation and use the kinematic condition to derive a PDE for $\documentclass[12pt]{minimal}
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For the osmolarity, we integrate Equation ([A.7](#M22){ref-type="disp-formula"}) with respect to $\documentclass[12pt]{minimal}
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B. Appendix B. Time-dependent fluid flux boundary condition {#s9}
===========================================================
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